We construct the quintom potential of dark energy models in the framework of spatially flat Friedmann-Robertson Walker universe in the inflationary epoch, using the Bohm like approach, known as amplitude-real-phase. We find some potentials for which the wave function of the universe is found analytically and we have obtained the classical trajectories in the inflation era.
I. INTRODUCTION
At the present time, there are some efforts to explain the observations for the accelerated expansion of the universe, based on the dynamics of a scalar (quintessence) or multiscalar field (quintom) as models for dark energy, (see the review [1] [2] [3] ). The properties of the quintom models have been studied from different points of view. Among them, the phase space studies, using the dynamical systems tools, are very useful in order to analyze the qualitative and asymptotic behavior of the model ). In the present work we want to investigate the case of quintom cosmology constructed by using both quintessence (σ) and phantom (φ) fields, maintaining a nonspecific potential V(φ, σ) from the begining. In the literature one special class of potential used is the sum of the exponential potentials for each field [4, 6, 9, 26, 27] . There are other works where other type of potentials are analyzed [1, 9, 15, 19, 20, 23, 24, 28] .
We claim that the analysis of general potentials using dynamical systems was made considering particular structures of them, in other words, how can we introduce this mathematical structure within a physical context? We can partially answer this question, when the amplitude-real-phase formalism is introduced, in the sense that, some potentials can be constructed [29] [30] [31] .
This work is arranged as follows. In section II we present the corresponding Einstein-Klein-Gordon equation for the quintom model. Also we introduced the hamiltonian apparatus which is applied to FRW cosmological model in order to construct a master equation for barotropic perfect fluid and cosmological constant. Furthermore, we present the classical equations for the flat FRW, which are presented in section V for particular scalar potentials. In subsection III we present the quantum scheme, where we will use the amplitude-real-phase ansatz in order to solve the WDW equation. This method was used by Moncrief and Ryan [32] to obtain exact solutions for the Bianchi type IX anisotropic cosmological model with a wavefunction of the form Ψ = We −S . This form of the wavefunction was motivated by the work of Kodama [33, 34] . Our treatment is applied to build the mathematical structure of quintom scalar potentials which allow us obtain exact solutions together with an arbitrary factorization of the WDW equation. In this work we have obtain the wave function of the universe in order to find the quantum potentials, which is a more important matter in order to find the classical trajectories, which is shown in section V, that is devoted to obtain the classical solutions for particular scalar potentials, also we show graphically the classical trajectory in the configuration space (Ω, ϕ) projected from its quantum counterpart. In this same section, we present the time dependence for the Ω, and quintom scalar fields (ϕ , ς) for the potentials treated in this section. In section VI is devoted to final remarks of this work.
We begin with the construction of the quintom cosmological theory, which requires the simultaneous consideration of two fields, namely, a canonical one σ, and phantom one φ (see equation (12) below and reference [20] ). The lagrangian density of this theory with two fields, the cosmological term, and matter contribution, is
the corresponding field equations for perfect fluid matter content are
here ρ is the energy density, P the pressure, and u µ the velocity of the fluid, satisfying that u µ u µ = −1. Let us recall here the canonical formulation in the ADM formalism for flat FRW cosmological model. The metric has the form
where the scale factor is defined as A = e Ω(t) , where Ω (−∞, ∞). The lagrangian density (1) for FRW cosmological model is written as
where the overdot denotes time derivative, the fields were re-scaled as φ = √ 12ϕ, σ = √ 12ς for simplicity in the calculations.
The momenta are define in the usual way, Π q i = ∂L ∂q i , where q i = (A, ϕ, ς) are the fields coordinates of the model.
Writing (5) in the canonical form, L canonical = Π− NH and substituting the energy density of the barotropic fluid P = γρ, which was found using the covariant derivative of the energy-momentum tensor (3), ρ = M γ e −3(1+γ)Ω , where M γ is an integration constant. The corresponding Hamiltonian density H considering in this work the inflationary epoch, that corresponds to the value γ = −1, becomes
where λ eff = 48(Λ + 8πGM −1 ).
The Einstein field equations (2,3) for the flat FRW cosmological model with barotropic state equation, are
which can be written as
where the Hubble parameter is define as H =Ȧ A =Ω and the deceleration parameter q = − AÄ A 2 . We have done the time transformation
Adding (12) and (13) we obtain
where
which are useful when we study the behavior of dynamical systems. Additionally we can introduce the total quintom energy density and pressure as:
For phenomenological analysis, (18) will serve us as a test for the viable class of quintom potentials whose equation of state can cross the cosmological constant barrier which ω DE = −1 is mildly favored of observations [35] . For instance, when V(ς, ϕ) > 0 and V(ς, ϕ) > 6ϕ 2 − 6ς 2 , then the kinetic terms satisfies ς 2 < ϕ 2 , so, the barotropic parameter ω DE < −1. In this case, the intensity of the phantom field ϕ always is larger than the intensity of the quintessence field ς. In other case, we have that ω DE > −1. The particular value equivalent to cosmological constant is when the kinetic terms are null or equal in both fields.
For constant potential, equations (14, 15) can be solved in terms of the Ω function,
We obtain in implicit solution for Ω in a quadrature dΩ
where F(Ω) is given by
with Λ eff = Λ + V 0 /2. For particular values of the parameter γ, has analytical solution.
For one scalar field, with constant potential, the formalism is like the one formulated by Sáez and Ballester in 1986, because both field are equivalent, see equations (14, 15) [36] . This formalism was studied by one of the author and collaborators, in the FRW and Bianchi type Class A cosmological models, [37] [38] [39] .
III. QUANTUM COSMOLOGY
The Wheeler-DeWitt equation for this model is obtained introducing the representation (we choose = 1) Π q µ = −i∂ q µ into (7). The factor e −3Ω can be ordered with the momentaΠ Ω in many ways. Hartle and Hawking [40] have suggested a semi-general factor ordering for e
where Q is any real constant that measure the ambiguity in the factor ordering in the variable Ω. In the following we will assume this factor ordering for the Wheeler-DeWitt equation, which becomes
A. Solving the WDW equation in amplitude-real-phase approach
Some time ago, Moncrief and Ryan tried successfully amplitude-real-phase ansatz in order to solve the WDW equation to obtain exact solutions for the Bianchi type IX anisotropic cosmological model. This ansatz was motivated by the remarks of Kodama [33, 34] on the relation between the ADM wavefunction and the Ashtekar wavefunction. This ansatz is as follows
where S( µ ) is known as the superpotential function, W is like probability amplitude in the Bohm formalism [31] . Then, the WDW equation (23) is written as
, and U = e 6Ω U(ϕ, ς, λ eff ) is the potential term. The last equation is a difficult one to solve, in view of which we propose to factorize as below and set each factor to zero, obtaining simpler set of equations,
We follow the approach presented in the references [29, 30] for solving these set of partial differential equations in order to obtain particular solutions to de WDW equation. We solve initially the Einstein-Hamilton-Jacobi (EHJ) equation (26a), next we introduce the superpotential function S into equation (26b) in order to solve for the W function, and finally, these solutions must satisfy the quantum potential equation (26c), that appears as a quantum constraint in our approach.
To solve Hamilton-Jacobi equation (26a)
we propose that the superpotential function has the following form
and substituting into (26a),
in order to solve by separation of variables, this equation imply the foolowing structure for the potential
where g(ϕ), h(ς), G(g) and H(h) are generic functions on their arguments, which will be determined under this process, and c 0 , c 1 are constants. Then, by method of separation variables we find the following master equations for the quintom fields
where ν is a constant of separation of variables. For particular choices of functions G and H we can solve for the g(ϕ) and h(ς) functions, and then use them to obtain the potential term U from (29) . Some examples are shown in the tables I and II, thereby, the superpotential S(Ω, ϕ) is known, and the possible quintom potentials are shown in table II. To solve (26b) we assume the separation variables for the W function
and introducing the corresponding superpotential function S (27) into the equation (26b), it follows the equation and using the method of separation of variables, we arrive to a set of ordinary differential equations for the functions η(Ω), ξ(ϕ) and λ(ς) (however, this decomposition is not unique, because it depends on the way as we put the constants in the equations).
whose solutions in the generic fields g and h are (given in table (I)) 
In a similar way, the constraint (26c) can be written as
or in other words (here µ = s − 3(3 + κ))
When we use the different cases presented in the table (I), the relations between all constants were found, which we presented in the same table II with the quintom potentials. So, the quantum solutions for each potential are presented in quadrature form, using the equations (24, 27) and (31) .
For our study, we shall make use of a semi-classical approximation to extract the dynamics of the WDW equation. The semi-classical limit of the WDW equation is achieved by taking Ψ = e −S , and imposing the usual WKB conditions on the superpotential function S, namely
Hence, the WDW equation, under the particular factor ordering Q = 0, becomes exactly the afore-mentioned EHJ equation (26a) (this approximation is equivalent to a zero quantum potential in the Bohmian interpretation of quantum cosmology [42] ). The EHJ equation is also obtained if we introduce the following transformation on the canonical momenta Π q → ∂ q S in Eq. (7) and then Eq. (6) provides the classical solutions of the Einstein Klein Gordon (EKG) equations. Moreover, for particular cases shown in table I, the classical solutions of the EKG, in terms of q(τ ), arising from Eqs. (6) and (27) are given by
the second equation appears in the W function (36), therefore W is simplified. We also have the corresponding relation with the time τ
A. Particular classical solutions
Free wave function
This particular case corresponds to an null potential function U (ϕ, ς), (see second line in table (II)). The particular exact solution for the wave function Ψ becomes
the classical trajectory implies that ∆ς + ∆ϕ p = 0, then there is the simple relation between the fields ϕ and ς,
So, the wavefunction can be written in terms of ϕ and Ω,
Using the equantion (39), we find the classical trajectory on the {Ω, ϕ} plane as
∆ς = Ln 3g 0 h 0 4 ∆τ
∆Ω = Ln 3g 0 h 0 4 ∆τ
where the first equation corresponds to constant phase of the second exponential in the W function (36) . The last equation gives the scale factor which goes as a power law expansion, in a stiff matter epoch. 
Exponential scalar potential
For an exponential scalar potential, see the third line in table (II), the exact solution of the WDW equation and the classical solutions are similar to the last case, only we redefine the constants,
We present two solutions, depending of the value of the constant 9 − c 0 H 0 − c 1 G 0 ; when 6 < c 0 H 0 + c 1 G 0 < 9, the scale factor which goes as a power law expansion, and c 0 H 0 + c 1 G 0 = 9, the scale factor have an exponential behavior. The corresponding classical solutions are
Employing the equations (38) and (39), we choose this value before to realize the integration, obtaining
where the scale factor have an exponential behavior, which corresponding to inflationary epoch with exponential scalar fields.
VI. FINAL REMARKS.
Under canonical quantization we were able to determine a family of potentials that allows as to find exact solutions in classical and quantum cosmology in the inflation era. Some of the potentials of this family satisfied the conditions that can cross the cosmological constant barrier ω DE = −1, equation (18) . One potential for which it to was not possible to solve analytically [43] , by means of dynamical systems is possible to show that crosses this barrier.
The exact quantum solutions to the Wheeler-DeWitt equation were found using the Bohmian like scheme [31] of quantum mechanics, using the amplitude-real-phase approach [32] , where the ansatz to the wave function is Ψ(
µ ) includes the superpotential function S, which plays an important role in solving the Hamilton-Jacobi equation.
We presented the corresponding Einstein Klein Gordon equation for the quintom model, which is applied to the FRW cosmological model with a barotropic perfect fluid and cosmological constant as the matter content; the classical solutions are given in a quadrature form for constant scalar potentials, in an inflationary stage (p = −ρ) these solutions are related to the Sáez-Ballester formalism, [36] [37] [38] [39] . For the inflationary stage with a potential that is a product of exponentials of the fields we found two exact solutions, one with a potential expansion law and the other with an exponential one.
We emphasize that the quantum potential from the Bohm like formalism will work as a constraint equation which restricts our family of potentials found, see table (II), [30] . in this work such a problem has been solved in order to find the quantum potentials, which was a more important matter for being able to find the classical trajectories, which were showed through graphics how the classical trajectory is projected from its quantum counterpart. We include some steps used to solve the imaginary like equation (26b) when we found the superpotential function S (27) and particular ansatz for the function W, we found the equation (32) , and using the separation variables method we find the set of equations that were necessary to solve.
The recent astronomical data suggest the existence of the dark energy with negative pressure [44] , with ratio ω DE between the pressure P DE and the energy density ρ DE seems to be near or less than -1, −1.62 < ω DE < −0.74, [35] . Following the equation (18) , in order to have agreement with these observational results, considering V(ς, ϕ) > 0 and V(ς, ϕ) > 6ϕ 2 − 6ς 2 , then the kinetic terms satisfies ς 2 < ϕ 2 , so, the barotropic parameter ω DE < −1. In this case, the intensity of the phantom field ϕ is always larger than the intensity of the quintessence field ς. In other case, we have that ω DE > −1. The particular value corresponding to cosmological constant is when the kinetic terms are null or equal in both fields.
However, the strange properties of the phantom field (violation of energy conditions and related negative energy density, the theories are not quantum mechanically viable, either because they violate conservation of probability, or they have unboundedly negative energy density and lead to the absence of a stable vacuum state, [45] ). To avoid this kind of problem, one should consider theories where the interactions between phantom field and normal matter are as weak as possible, but we must allow the ghosts to interact gravitationally, since it is their gravitational interactions which are needed for them to have any cosmological consequences. For instance, in [46, 47] , the authors include some generalizations of phantom cosmology with quantum contribution. Quantum effects may lead also to negative energy density or to negative pressure what may indicate that phantom corresponds to the effective description of some fundamental quantum field theory (QFT). Those authors mention that QFT can suggests some mechanism to introduce the phantom field at the early universe, and most of energy conditions are satisfied due to quantum effects.
